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Abstract
We investigate conserved charges in the low-energy effective field theory describing heterotic
string theory. Starting with a general Lagrangian that consists of a metric, a scalar field, a
vector gauge field, together with a two-form potential, we derive off-shell Noether potentials
of the Lagrangian and generalize the Abbott-Deser-Tekin (ADT) formalism to the off-shell
level by establishing one-to-one correspondence between the ADT potential and the off-shell
Noether potential. It is proved that the off-shell generalized ADT formalism is conformally
invariant. Then we apply the formulation to compute mass and angular momentum of the
four-dimensional Kerr-Sen black hole and the five-dimensional rotating charged black string
in the string frame without a necessity to transform the metrics into the Einstein frame.
1 Introduction
In recent decades, much work has been devoted to seeking exact solutions for the low-energy
limit of heterotic string theory and a lot of analytic solutions with gravitational field, dila-
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tons, Kalb-Ramond field and gauge fields have been found in the context of such an effective
theory since Gibbons and Maeda first constructed the four-dimensional static, spherically
symmetric black hole solution [1], which was also independently found few years later [2].
We only list partial solutions here. In the framework of the low-energy effective field theory
describing four-dimensional heterotic string theory, several new static and charged black
hole solutions for the Einstein-Maxwell-Kalb-Ramond-dilaton system were obtained in [3].
A rotating charged black hole solution, usually named as Kerr-Sen black hole [4], was found
by Sen in the year 1992. Its generalization with NUT parameters in various dimensions
was presented in [5]. In higher dimensions, Mahapatra constructed a five-dimensional ro-
tating charged black string solution that possesses a gravitational field, a scalar field, an
antisymmetric tensor gauge field and a U(1) field in the low-energy effective field theory
[6]. Apart from the black string solution, five-dimensional black ring solutions were also
found [7, 8]. These solutions are of great importance to analyze various non-perturbative
aspects of string theory. Further investigation on their properties, such as thermodynamic
properties, entropy bounds and the proof of the full Penrose inequality, requires to provide
systematic methods to identify the conserved charges in the low-energy effective field theory
of heterotic string theory.
Noether theorem has played an important role in defining conserved charges in various
theories of gravity. Up to now, various approaches have been proposed to compute the
conserved charges in the gravity theories through the Noether procedure, such as the co-
variant phase space approach [9, 10] proposed by Wald and Iyer, the covariant formalism
[11, 12, 13, 14] developed by Barnich, Brandt and Compere (BBC), the Abbott-Deser-Tekin
(ADT) formalism [15, 16, 17, 18], and several related methods presented in [19, 20, 21]. In
particular, the ADT formalism, which is defined in terms of the Noether potential got
through the linearized perturbation for the expression of the equation of motion in a fixed
background of spacetime, has made some progress on computation scheme for conserved
charges in various gravity theories. Since the fixed background metric has to satify the equa-
tion of motion in vacuum, the Noether potential in ADT formalism is on-shell. Recently,
in Ref. [22], Kim, Kulkarni and Yi generalized the on-shell Noether potential in the ADT
formalism to off-shell level on basis of the linearized perturbation of the Noether current
and potential in arbitrary background. Further incorporating a single parameter path in
the space of solutions into the formalism along the line of the BBC method [11, 12, 13, 14],
they proposed a quasi-local formulation of the conserved charges in covariant theories of
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pure gravity.
The generalized formalism for the quasi-local conserved charges supplies a more efficient
way to compute the ADT conserved charges and it has been extended to various theories of
gravity coupled with matter fields or not. In [26], Hyun, Jeong, Park and Yi generalized the
formalism in [22] by including the effect from matter fields and they further showed that
conserved charges via the modified ADT formalism are consistent with those by both the
covariant phase space approach [9, 10] and the boundary stress tensor method [23, 24, 25].
In [27], we presented an off-shell Noether current that is different from the one in [22] by
the variation of the Bianchi identity for the expression of the equation of motion. Then
we employed the generalized formulation to calculate the quasi-local conserved charges
of black holes in four-dimensional conformal Weyl gravity and in arbitrary dimensional
Einstein-Gauss-Bonnet gravity coupled to Maxwell or nonlinear electrodynamics in AdS
spacetime. Other applications and generalizations of the modified ADT formalism can be
found in [28, 29, 30, 31, 32, 33, 34].
In this paper we shall extend the off-shell generalized ADT method developed in [22, 26]
to investigate the conserved charge in the low-energy effective field theory of heterotic string
theory by taking into account of the contributions from the gravitational field, scalar field,
U(1) gauge field, together with the two-form field. We start with a general Lagrangian
including these fields and aim to provide another systematic approach to compute the
mass and angular momentum in the theory. The generality of the Lagrangian we consider
ensures that we can directly perform calculations of the conserved charges in the string
frame without a necessity to transform the metrics into the Einstein frame. All the results
coincide with the ones usually achieved in the Einstein frame since it is proved that the
off-shell generalized ADT formalism is conformally invariant.
Our paper is organized as follows. In Sect. 2, we derive the off-shell Noether currents
and potentials to present a covariant formalism of the conserved charges for the low-energy
effective field theory of heterotic string theory. We then apply the formalism of conserved
charges to compute mass and angular momentum of the four-dimensional Kerr-Sen black
hole and the five-dimensional rotating charged black string in Sect. 3 and Sect. 4, re-
spectively. Sect. 5 is our conclusions. A is devoted to calculating the energy of general
static charged black holes in Einstein-Maxwell-Dilaton gravity. In the B, we investigate the
conformal properties of the conserved charges.
3
2 General formalism
In this section, we shall derive the off-shell Noether and ADT potentials to present a formu-
lation of the conserved charges for the low-energy effective field theory of heterotic string
theory. The massless bosonic part of the effective action for the theory describes Einstein
gravity coupled to certain matter fields. It consists of a metric gµν , a scalar field ϕ, the
two-form Kalb-Ramond antisymmetric tensor field Bµν , together with other gauge fields.
In the present work, we take into account of only a single U(1) component Aµ of the full
set of gauge fields and start with a more general Lagrangian
L = √−gL = √−g(L(R) + L(ϕ) + L(A) + L(B)) ,
L(R) = λ(ϕ)R , L(ϕ) = χ(ϕ)∇µϕ∇µϕ+ V (ϕ) , L(A) = N(ϕ)FµνFµν ,
L(B) = P (ϕ)H
ρµνHρµν , (2.1)
in D−dimensional spacetimes, where the two-form field strength Fµν = 2∂[µAν] and the
three-form field strength Hρµν is defined through Hρµν = 3∂[ρBµν] − 3αA[ρFµν] in terms of
an arbitrary constant α. The functions λ, χ, V , N and P only depend on the scalar field
ϕ but not its derivatives. The generality of the five functions endows the Lagrangian (2.1)
with capability to describe the scalar-tensor theories of gravity, Einstein gravity coupled to
a scalar field non-minimally and Einstein-Maxwell-Dilaton gravity. In what follows, all the
fields of the theory are collectively denoted by ϕ(i) = (gµν , ϕ,Aµ, Bµν). With help of the
expressions for the equations of motion, E(i) =
(Eµν
(R)
, E(ϕ), Eν(A), E
µν
(B)
)
, defined by
E(R)µν = Gµν + T (ϕ)µν + T (A)µν + T (B)µν ,
E(ϕ) =
dχ
dϕ
∇µϕ∇µϕ− 2∇µ(χ∇µϕ) + dV
dϕ
+
dλ
dϕ
R+
dN
dϕ
L(A)
N
+
dP
dϕ
L(B)
P
,
Eν(A) = 2αAµEµν(B) − 12αPHναβFαβ − 4∇µ(NFµν) ,
Eµν(B) = −6∇ρ(PHρµν) , (2.2)
where
Gµν = λ
(
Rµν − 1
2
gµνR
)
+ gµν∇ρ∇ρλ−∇µ∇νλ ,
T (ϕ)µν = χ∇µϕ∇νϕ−
1
2
gµνL(ϕ) ,
T (A)µν = 2NFµσF
σ
ν −
1
2
gµνL(A) ,
T (B)µν = 3PHµαβH
αβ
ν −
1
2
gµνL(B) , (2.3)
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the variation of the Lagrangian (2.1) with respect to the metric tensor and matter fields
ϕ(i) yields
δL = √−g(E(R)µν δgµν + E(ϕ)δϕ + Eν(A)δAν + Eµν(B)δBµν
)
+
√−g∇µΘµ
(
ϕ(i); δϕ(i)
)
, (2.4)
where the boundary term Θµ
(
ϕ(i); δϕ(i)
)
, locally constructed out of the fields ϕ(i), δϕ(i) and
their derivatives, is given by
Θµ = Θµ(R)(δg) + Θ
µ
(ϕ)(δϕ) + Θ
µ
(A)(δA) + Θ
µ
(B)(δB) ,
Θµ(R) = 2λg
ρ[µ∇σ]δgρσ + δgµσ∇σλ+ gαβδgαβ∇µλ ,
Θµ(ϕ) = 2χδϕ∇µϕ ,
Θµ(A) = −(12αPAρHρµν − 4NFµν)δAν , Θ
µ
(B) = 6PH
µαβδBαβ . (2.5)
Let ζµ denote any smooth vector field on the spacetime. Under the coordinate transfor-
mation xµ → xµ − ζµ, the variation of the fields ϕ(i) behaves as their Lie derivative along
the vector field ζµ, i.e., δϕ(i) → Lζϕ(i). This makes it possible to reexpress the part in the
bracket of Eq. (2.4) as the divergence of a vector field [26, 35, 36], namely,
E(i)Lζϕ(i) = −2∇µ(Eµνζν) , Eµν = Eµν(R) − E
µσ
(B)B
ν
σ −
1
2
Eµ(A)Aν , (2.6)
where the tensor Eµν is a linear combination of the expressions for the Euler-Lagrange
equations of motion Eµν(R), Eν(A) and E
µν
(B). Unlike the case of pure gravity theories, Eµν does
not have to be symmetric. Replacing the variation by the Lie derivative along the vector ζµ
in Eq. (2.4), one can follow [26, 37] to define an off-shell Noether current Jµ that includes
contributions from matter fields as
Jµ = 2Eµνζν + ζµL−Θµ
(
ϕ(i);Lζϕ(i)
)
= Jµ(R) + J
µ
(ϕ) + J
µ
(A) + J
µ
(B)
= ∇νKµν . (2.7)
In the above equation, all the off-shell currents Jµ(n), here and in what follows n = (R,ϕ,A,B),
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take the forms
Jµ(R) = 2Gµνζν + ζµL(R) −Θ
µ
(R)
(Lζg) = ∇νKµν(R) ,
Jµ(ϕ) = 2T
µν
(ϕ)ζν + ζ
µL(ϕ) −Θµ(ϕ)
(Lζϕ) = 0 ,
Jµ(A) = 2T
µν
(A)ζν + ζ
µL(A) −Θµ(A)
(LζA)− Eµ(A)Aνζν − 18αPHµαβA[νFαβ]ζν
= ∇νKµν(A) ,
Jµ(B) = 2T
µν
(B)ζν + ζ
µL(B) −Θµ(B)
(LζB)− 2Eµσ(B)Bνσζν + 18αPHµαβA[νFαβ]ζν
= ∇νKµν(B) , (2.8)
while the off-shell Noether potentials Kµν and Kµν(n) are given by
Kµν = Kµν(R) +K
µν
(ϕ) +K
µν
(A) +K
µν
(B) ,
Kµν(R) = 2λ∇[µζν] + 4ζ [µ∇ν]λ , K
µν
(ϕ) = 0 ,
Kµν(A) = (12αPAρH
ρµν − 4NFµν)Aσζσ ,
Kµν(B) = 12PH
µνρBρσζ
σ . (2.9)
Note that the off-shell Noether potential Kµν(B) in Eq. (2.9) is consistent with the potential
for two-form field got through the covariant phase space approach in [38] when ζµ is a
Killing vector and P = −exp(−αφ)/12.
Assume now that the smooth vector field ζµ respects the symmetry of spacetime by
treating it as a Killing vector ξµ. We follow [26] to introduce the off-shell ADT current
JµADT associated with the Killing vector ξ
µ by
JµADT = δEµνξν +
1
2
gαβδgαβEµνξν + Eµνδgνσξσ +
1
2
ξµE(i)δϕ(i)
= ∇νQµνADT , (2.10)
where QµνADT is just the off-shell ADT potential corresponding to the ADT current. In terms
of the variation of the Lagrangian (2.1) and the definition of the off-shell Noether current
Jµ, the ADT potential which is in one-to-one correspondence with the off-shell Noether
potential can be presented by
QµνADT =
1
2
1√−g δ
(√−gKµν)− ξ[µΘν](ϕ(i); δϕ(i))
= Qµν(R) +Q
µν
(ϕ) +Q
µν
(A) +Q
µν
(B) ,
Qµν(n) =
1
2
1√−g δ
(√−gKµν(n)
)− ξ[µΘν](n) . (2.11)
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In Eq. (2.11), the Killing vector ξµ is treated as a fixed background, namely, δξµ = 0, and
the vector field ζµ in Kµν(n) given by Eq. (2.9) is substituted by the Killing vector ξ
µ. The
quantities Qµν(R), Q
µν
(ϕ), Q
µν
(A) and Q
µν
(B) denote the contributions from the gravitational field,
scalar field, U(1) gauge field and two-form field respectively. The potential Qµν(R) can be seen
as a special case of the off-shell ADT potential in the work [56]. It is worth noting that Qµν(ϕ)
and Qµν(B) are equivalent to those obtained via BBC method in [39, 40, 41]. What is more,
if we directly adopt the BBC method [11, 12, 13, 14] to compute the superpotential for the
Lagrangian (2.1), we shall get the result that is equivalent to the off-shell ADT potential
QµνADT . This implies that both the off-shell generalized ADT method [22, 26] and BBC
method are equivalent for the Lagrangian (2.1). In other words, the off-shell generalized
ADT method provides another way to derive the superpotential of the Lagrangian (2.1)
in the BBC method. Besides, it was shown that the off-shell ADT potential is completely
equivalent to that got through the covariant phase space approach in the presence of generic
matter fields in [26].
By following the BBC approach [11, 12, 13, 14] to incorporate a single parameter path
characterized by a parameter s, s ∈ [0, 1], in the space of solutions, we define the covariant
formulation of conserved charges associated with the Noether potential QµνADT in Eq. (2.11)
by [22, 26]
Q = 1
8π
∫ 1
0
ds
∫
dΣµνQ
µν
ADT
(
ϕ(i); s
)
, (2.12)
where dΣµν =
1
2
1
(D−2)!ǫµνµ1µ2···µ(D−2)dx
µ1∧···∧dxµ(D−2) with ǫ012···(D−1) =
√−g. Eq. (2.12)
can be a proposal of the formalism for the conserved charge, defined in the interior region
or at the asymptotical infinity, for any covariant gravity theory with the Lagrangian (2.1)
whenever its integration is well-defined [14]. Since the Lagrangian (2.1) also includes the
scalar-tensor theories of gravity, Einstein gravity coupled to a scalar field non-minimally
and Einstein-Maxwell-Dilaton gravity as its special cases, formalism (2.12) is applicable to
these gravity theories. To see this, we shall explicitly compute the energy of the static
charged black holes in Einstein-Maxwell-Dilaton gravity in the A. It will be shown that the
conserved charges defined through Eq. (2.12) are conformally invariant in the B.
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3 Mass and angular momentum of Kerr-Sen black hole in
the string frame
In this section, we will employ the covariant formalism (2.12) to compute the mass and
angular momentum of the well-known Kerr-Sen black hole [4] in the string frame. The
effect from the scalar field, U(1) gauge field and two-form field will be fully considered. The
Kerr-Sen black hole is a four-dimensional solution in the low-energy effective field theory
describing heterotic string theory. In the string frame, the effective action reads
L = √−ge−ϕ
(
R+∇µϕ∇µϕ−
1
8
FµνFµν −
1
12
HρµνHρµν
)
. (3.1)
Comparing the above equation with the general Lagrangian (2.1), we have
λ = χ = −8N = −12P = e−ϕ , V = 0 , α = 1
4
. (3.2)
In Boyer-Lindquist coordinate, the Kerr-Sen black hole in the string frame takes the form
ds2
Σ
= − ∆
(Σ + 2ms2r)2
(dt− a sin2 θdφ)2 +
(dr2
∆
+ dθ2
)
+
sin2 θ
(Σ + 2ms2r)2
[adt− (∆ + 2mc2r)dφ]2 ,
e−ϕ = 1 +
2ms2r
Σ
, s = sinh γ , c = cosh γ ,
A =
4mcsr
Σ+ 2ms2r
(dt− a sin2 θdφ) ,
Bµν =
4ams2r sin2 θ
Σ+ 2ms2r
δ[tµδ
r]
ν , (3.3)
where the parameters m, a, γ are integration constants associated with the mass, angular
momentum and electric charge, while the functions ∆ and Σ are given by
∆ = r2 + a2 − 2mr , Σ = r2 + a2 cos2 θ . (3.4)
We now calculate the mass of the Kerr-Sen black hole. The related timelike Killing
vector ξµ = (−1, 0, 0, 0). The infinitesimal variation of the fields is determined by letting
the constants (m,a, c, s) change as
m→ m+ dm , a→ a+ da , c→ c+ dc , s→ s+ ds . (3.5)
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On basis of the formulation of the off-shell ADT potential in Eq. (2.11), the (t, r) compo-
nents of the quantities Qµν(n) are presented by
√−gQtr(R) = 2 sin θ[d(m) + 2msd(s) + s2d(m)] +O
(1
r
)
,
√−gQtr(ϕ) = O
( 1
r3
)
,
√−gQtr(A) = O
( 1
r3
)
,
√−gQtr(B) = O
( 1
r5
)
. (3.6)
The above equation shows that the contributions to the ADT potential from the matter
fields are not totally zero. However, since
√−gQtr(ϕ),
√−gQtr(A) and
√−gQtr(B) fall off very
fast at infinity, the matter fields finally make no contribution to the mass of the Kerr-
Sen black hole. In terms of the formalism (2.12) of the conserved charge, we integrate
√−gQtr = √−g(Qtr(R) +Qtr(ϕ) +Qtr(A) +Qtr(B)) on the surface at infinity and get the mass
MKS = m(1 + s
2) , (3.7)
which agrees with the Brown-York quasilocal energy [42, 43] calculated in the Einstein
frame.
The process to obtain the angular momentum of the Kerr-Sen black hole is parallel to
the mass. Substituting the Killing vector ξµ = (0, 0, 0, 1) into Eq. (2.11), we get the (t, r)
component of the ADT potential
√−gQ˜tr = 3 sin3 θ[(1 + s2)d(ma) +mad(s2)] +O
(1
r
)
, (3.8)
which is associated with the angular momentum. Integration of
√−gQ˜tr on the surface at
infinity further yields the angular momentum
JKS = ma(1 + s
2) . (3.9)
Both the mass MKS and the angular momentum JKS satisfy the first law of black hole
thermodynamics and they are consistent with the ones via the ADM formalism in the
Einstien frame.
4 Mass and angular momentum of the five-dimensional black
string
In this section, the covariant formalism (2.12) is applied to compute the mass and angular
momentum of the five-dimensional rotating charged black string constructed by Mahapatra
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in [6]. This black string characterized by four parameters (m,a, γ1, γ2) is an exact solution
for the Lagrangian (3.1). The metric of the black string admits a generalized Killing-Yano
tensor [44]. In the string frame, it is presented by
ds2 =
−Σ(Σ− 2mr)
Ξ2
(
dt+
mar(1 + c1c2) sin
2 θ
Σ− 2mr dφ
)2
+Σ
(dr2
∆
+ dθ2
)
+
Σ∆sin2 θ
Σ− 2mr dφ
2 +
(
dz +
c1s2
2s1
A
)2
,
si = sinh γi , ci = cosh γi , i = 1, 2 , (4.1)
where Ξ = Σ−m(1− c1c2)r, and both the functions Σ and ∆ have been given in Eq. (3.4).
The matter fields take the forms
e−ϕ =
Ξ
Σ
,
A =
2ms1r
Ξ
(dt− a sin2 θdφ) ,
B =
1
2s1
[(1− c1c2)dt− c1s2dz] ∧A . (4.2)
To compute the mass and angular momentum per unit length of the black string, we
take an infinitesimal parametrization of a single parameter path by letting the integration
constants (m,a, ci, si) fluctuate as
m→ m+ dm , a→ a+ da , ci → ci + dci , si → si + dsi . (4.3)
Combined with the timelike Killing vector ξµ = −δµt , which is the symmetry corresponding
to the mass, the (t, r) component of the ADT potential reads
√−gQtr = √−g(Qtr(R) +Qtr(ϕ) +Qtr(A) +Qtr(B)) ,
√−gQtr(R) = sin θ[(1 + c1c2)d(m) +md(c1c2)] +O
(1
r
)
,
√−gQtr(ϕ) = O
( 1
r3
)
,
√−gQtr(A) = O
( 1
r3
)
,
√−gQtr(B) = O
( 1
r3
)
. (4.4)
Thus the mass per unit length of the black string is read off as
Mbstr =
1
2
m(1 + c1c2) . (4.5)
By assuming that the Kiling vector ξµ = δµφ , the angular momentum per unit length of the
black string can be got by performing an analogous calculation. We present it by
Jbstr =
1
2
ma(1 + c1c2) =Mbstra . (4.6)
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Both the mass and angular momentum per unit length coincide with the ones via the ADM
formalism.
5 Summary
In the present work, we have investigated the conserved charges in the low-energy effective
field theory of heterotic string theory by building a one-to-one correspondence between
the ADT potential and the off-shell Noether potential like in [22, 26]. Starting with the
general Lagrangian (2.1), which also includes the scalar-tensor theories of gravity, Einstein
gravity coupled to a scalar field non-minimally and Einstein-Maxwell-Dilaton gravity as
its special cases, we derive the off-shell Noether currents and potentails in Eqs. (2.8) and
(2.9). Establishing the relationship between the ADT potential and the off-shell Noether
potential, the covariant formalism (2.12) for the conserved charge is defined in terms of the
ADT potential in Eq. (2.11). Then the covariant formalism (2.12) is applied to compute
the mass and angular momentum of the four-dimensional Kerr-Sen black hole (3.3) and
the five-dimensional rotating charged black string (4.1) in the string frame. These results
coincide with those via ADM formalism in the Einstein frame and they satisfy the first law
of thermodynamics. In A, the covariant formalism (2.12) is also used to calculate the energy
of the general static charged black holes in arbitrary dimensions within the framework of
Einstein-Maxwell-Dilaton gravity. In the B, we have proved that the conserved charges are
invariant under conformal transformation.
Although we only take into account of the mass and angular momentum of the Kerr-
Sen black hole and the black string, one can expect that the formalism (2.12) for conserved
charges is also applicable to the higher-dimensional rotating charged black holes with NUT
parameters in [5] and the five-dimensional black rings in [7, 8]. A future interesting appli-
cation of the off-shell Noether currents and potentails in Eqs. (2.8) and (2.9) is to adopt
the method in [?] to investigate the statistical entropy of black holes and black rings in the
low-energy limit of heterotic string theory by including the contributions from matter fields.
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A Energy of static charged black holes in Einstein-Maxwell-
Dilaton gravity
In this appendix, we take the theory of Einstein-Maxwell-Dilaton gravity as a special case
of the general Lagrangian (2.1) and make use of the covariant formalism (2.12) to calculate
the energy of static and charged black holes in such a theory. Till now, much interest has
been attracted by seeking exact solutions in the theory [45, 46, 47, 48, 49, 50, 51]. A lot of
static black hole solutions with various asymptotic structures have been constructed. We
aim to provide another novel method to compute the conserved charges of these solutions.
The Lagrangian of the theory of Einstein-Maxwell-Dilaton gravity reads
L = √−g
(
R− 1
2
∇µϕ∇µϕ+ V (ϕ) +N(ϕ)FµνFµν
)
. (A.1)
The metric and U(1) gauge field for the static and charged black holes in d dimensions are
assumed to take the general form
ds2 = −W (r)2dt2 + dr
2
U(r)2
+ r2hijdx
idxj ,
A = At(r)dt+Ai(r, x
j)dxi , (A.2)
where i, j = 1, · · ·, (d − 2) and hij is a function of coordinates xi, which span a (d − 2)-
dimensional hypersurface.
The Killing vector associated with the energy is chosen as ξµ = −δµt , and hij is fixed,
namely, δhij = 0. By computing the ADT potential in terms of Eq. (2.11), we have
√−gQtr = √−g(Qtr(R) +Qtr(ϕ) +Qtr(A)) ,
√−gQtr(R) =
1
2
√−ggrµgiν∇iδgµν = −(d− 2)
√
hrd−3WδU ,
√−gQtr(ϕ) = −
1
2
√
hrd−2WU∂rϕδϕ ,
√−gQtr(A) = 2Atδ(
√−gNF tr) + 2√−gNF rjδAj . (A.3)
The U(1) gauge field Aµ satisfies the equation of motion −4∇µ(NFµν) = 0. Its t component
reads ∂r(
√−gNF tr) = 0, which leads to that √−gNF tr only depends on the coordinates xi.
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This implies that the fall-off condition of the gauge field at infinity completely determines
whether the first term in
√−gQtr(A) makes contribution to the total energy or not. In general
cases, At ∼ O(1/r), which means that the contribution from the first term in
√−gQtr(A)
usually can be neglected. Integration of the ADT potential
√−gQtr = −1
2
√
hrd−4W [2(d− 2)rδU + r2U∂rϕδϕ − 4NUhij∂rAiδAj ] (A.4)
over the surface at infinity in terms of the formalism (2.12) yields the energy of the static
charged black holes if the integration is well-defined [14]. It is very interesting to apply
Eq. (A.3) to investigate the first law of thermodynamics of the static black holes in [45,
46, 47, 48, 49] by considering the contribution from the scalar field along the line of works
[52, 53, 54].
B Conformal property of the conserved charge
In the present appendix, we investigate conformal property of the conserved charge in the
low-energy effective field theory describing heterotic string theory. Performing the conformal
transformation
gµν = Ω
2(ϕ)gˆµν , Ω = λ
−
1
D−2 (B.1)
to the Lagrangian (2.1), we obtain the Lagrangian in the Einstein frame
Lˆ =
√
−gˆ(Lˆ(R) + Lˆ(ϕ) + Lˆ(A) + Lˆ(B)) + LˆBound ,
Lˆ(R) = Rˆ(gˆ) , Lˆ(ϕ) =
[
ΩD−2χ− (D − 1)(D − 2)
(∂ lnΩ
∂ϕ
)2]
∇ˆµϕ∇ˆµϕ+ΩDV ,
Lˆ(A) = Ω
D−4NFˆµν Fˆµν , Lˆ(B) = Ω
D−6PHˆρµνHˆρµν . (B.2)
In the above equation and what follows, Fˆµν = Fµν , Hˆρµν = Hρµν and all the quantities
with “ ˆ ” correspond to the ones in the Einstein frame, whose indices are raised or lowered
by the metric tensor gˆµν or gˆµν . The total divergence term LˆBound = −2(D− 1)
√−gˆˆ ln Ω
makes no contribution to the field equations and the conserved charges.
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The surface terms got from the variation of the Lagrangian (B.2) are read off as
Θˆµ = Θˆµ
(R)
+ Θˆµ
(ϕ)
+ Θˆµ
(A)
+ Θˆµ
(B)
,
Θˆµ(R) =
(D − 1)√−gˆ δ
(√−gˆ∇ˆµ ln Ω2)+ (D − 1)(D − 2)
2
(δ ln Ω2)∇ˆµ ln Ω2
+ΩDΘµ(R) ,
Θˆµ(ϕ) = Ω
DΘµ(ϕ) −
(D − 1)(D − 2)
2
(δ ln Ω2)∇ˆµ ln Ω2 ,
Θˆµ(A) = Ω
DΘµ(A) , Θˆ
µ
(B) = Ω
DΘµ(B) . (B.3)
With help of Eq. (2.9), the off-shell Noether potentials Kˆµν and Kˆµν(n) in the Einstein frame
are given by
Kˆµν = Kˆµν(R) + Kˆ
µν
(ϕ) + Kˆ
µν
(A) + Kˆ
µν
(B) ,
Kˆµν(R) = Ω
DKµν(R) + 2(D − 1)ζ [µ∇ˆν] ln Ω2 ,
Kˆµν(ϕ) = 0 , Kˆ
µν
(A) = Ω
DKµν(A) , Kˆ
µν
(B) = Ω
DKµν(B) . (B.4)
Here we have assumed that the vector field ζµ is unchanged under the conformal transfor-
mation. In terms of the above surface terms and the Noether potentials, we get the ADT
potential corresponding to the Lagrangian (B.2), which takes the form
√
−gˆQˆµνADT =
√−gQµνADT . (B.5)
Eq. (B.5) indicates that the conserved charges in the context of the low-energy effective
field theory describing heterotic string theory are invariant under conformal transformation.
Up to this point, the off-shell generalized ADT formalism is different from the original ADT
formalism. Conserved charges defined through the latter depend on the asymptotic behavior
of the conformal factor under conformal transformation and they are conformally invariant
as long as the conformal factor goes to unity at infinity [55].
As a result, it is fully feasible to adopt the formalism (2.12) to compute the conserved
charges of the Kerr-Sen black hole and the five-dimensional black string in the Einstein
frame. To do this, we need reexpress the string-frame metric gµν as the Einstein-frame
metric gˆµν by letting gµν = e
ϕgˆµν . The Lagrangian (3.1) accordingly becomes
Lˆ =
√
−gˆ
(
Rˆ(gˆ)− 1
2
∇ˆµϕ∇ˆµϕ− 1
8
e−ϕFˆµνFˆµν − 1
12
e−2ϕHˆρµνHˆρµν
)
(B.6)
14
Performing analogous calculations as in the string frame on a basis of the above Lagrangian,
we obtain the mass and angular momentum that are completely consistent with those
corresponding to the Lagrangian (3.1).
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